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Abstract
We propose an astrophysical map reconstruction method for multi-channel blurred and noisy
observations. We define the problem under Bayesian framework. We use the t-distribution to
model the image gradients as a prior and resort to Monte Carlo simulation to estimate the maps
and the error both in the pixel and frequency domain. We test our method in five different sky
patches located at varying positions from galactic plane to high latitude. We give the estimated
maps along with the power spectra and the numerical performance measures.
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1. Introduction
The source separation problem in astrophysical images has already been studied in
different works [1], [2], [3] and [4]. In this study, we focus on the problem of multichannel source separation and restoration from multi-channel blurred and noisy observations. We assume that the parameters of the parametric mixing matrix are known or
at least estimated with a known error. Under this assumption, we reconstruct the source
maps in the pixel domain by using a Monte Carlo technique that has been recently developed and tested on astrophysical source separation problem [4]. Our method is the
extended version of the method in [4] to convolutional mixture problem and has also
the ability to estimate mixing matrix.
The studies on the separation of convolutional or blurred image mixture can be
found in the literature. Castella and Pesquet [5] extended the contrast function based
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ICA technique in the case of blurring. Anthoine [6] proposed to solve the same problem
by adapting the existing variational and statistical methods and modeling the components in wavelet domain. Tonazzini and Gerace [7] use the Markov Random Field
(MRF) based image prior in the Bayesian framework. Shwartz et al. [8] address a
solution to separation of defocus blurred reflections in the natural scenes by using the
sparsity of the Short Time Fourier Transform (STFT) coefficients as priors. In a recent
study, multi-channel separation and deconvolution is proposed for document images
[9]. We use a Bayesian formulation to include the effects of the antenna apertures and
solve the debluring and map reconstruction problems jointly. Since the point spread
functions (psf’s) of the antennas are known, we easily define our likelihood function
by including the psf’s.
In the Bayesian framework, we formulate our information on source maps with
prior densities. Because of the blurring and the noise, the reconstruction problem is
very bad conditioned. This means that we have already lost some detail information on
the observed image. The lost information in such a case is found in the high frequency
contents of the images. While choosing our image prior, we consider this situation and
define a prior such that it models the distribution of the high frequency components of
the image. We use the most basic high frequency components of the image, namely the
edges of the image. We obtain the edge images by applying a simple horizontal and
vertical gradient operator to image. The intensities of the edge images are very sparse
and have a heavy-tailed distribution. We exploit the t-distribution as a statistical model
for the edge image. The first examples of the use of t-distribution in inverse imaging
problems can be found in [10] and [11]. In [11], it is reported that the t-distribution
approximates the wavelet coefficients of an image more accurately. In recent papers, it
has been used for image restoration [12] and deconvolution [13]. In [4], it is empirically
shown that the edge images of the CMB, synchrotron and dust maps are modeled by
using t-distribution. This has been used in the Bayesian source separation problem.
We estimate the parameters of the mixing matrix and the parameters of the tdistribution image prior. We give numerical performance measures in the cases where
the groundtruths are either known or unknown. We use the MC method to estimate the
error.
The organization of the paper is laid out as follows. We introduce the astrophysical
component separation problem in the case of convolutional mixtures in Section 2. In
Section 3, we define formally the source separation problem in the Bayesian context,
and outline the source model, the likelihood and the posteriors. The details of the
source maps and parameters estimations are given in Section 4. A number of simulation
cases including five different sky patches are given in Section 5, and finally conclusions
are drawn in Section 6.
2. Astrophysical Component Separation Problem: Convolutional Mixtures Case
We assume that the observed images, yk , k ∈ {1, 2, . . . , K}, are linear combinations of L source images. Let the kth observed image be denoted by yk,i , where
i ∈ {1, 2, . . . , N} represents the lexicographically ordered pixel index. Taking into
account the effect of the telescope and by denoting sl and yk as N × 1 vector representations of source and observation images, respectively, the observation model can
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be written as
yk = h k ∗

L
X

ak,l sl + nk

(1)

l=1

where the asterisk means convolution, and hk is the telescope radiation pattern in the
k’th observation channel. The vector nk represent an iid zero-mean noise with Σ = σ2k IN
covariance matrix where IN is an identity matrix. Although the noise is not homogeneous in the astrophysical maps, we assume that the noise variance is homogeneous
within each sky patch and is also known.
3. Bayesian Formulation of Astrophysical Component Separation
3.1. Source Model
We use the image model previously proposed in [4]. For this purpose, we write an
auto-regressive source model using the first order neighbors of the pixel in the direction
d:
sl = αl,d Gd sl + tl,d
(2)
where the maximum number of first order neighbors is 8 but we use only 4 neighbors,
d ∈ {1, . . . , 4}, in the main vertical and horizontal directions. The matrix Gd is a linear
one-pixel shift operator, αd is the regression coefficient and the regression error tl,d
is an iid t-distributed zero-mean vector with dof parameter βl,d and scale parameters
δl,d . Generally in real images, except the Gaussian distributed ones, the regression
error is better modelled by some heavy-tailed distribution. The t-distribution can also
model the Gaussian distributed data. Therefore, it is a convenient model for data whose
distribution ranges from Cauchy to Gaussian. In [4], the t-distribution has been fitted
to simulated CMB, synchrotron and dust maps and gives better results in the sense
of mean square error as compared to the Gaussian and the Cauchy densities. The
multivariate probability density function of an image modelled by a t-distribution can
be defined as
"
#
Γ((N + βl,d )/2)
φd (sl , αl,d ) −(N+βl,d )/2
p(tl,d |αl,d , βl,d , δl,d ) =
1
+
(3)
βl,d δl,d
Γ(βl,d /2)(πβl,d δl,d )N/2
where φd (sl , αl,d ) = ||tl,d ||2 = ||sl − αl,d Gd sl ||2 and Γ(.) is the Gamma function.
We can write the density of sl by using the image differentials in different directions,
by assuming the directional independence, as
p(sl |αl,d , βl,d , δl,d ) =

4
Y

p(tl,d |αl,d , βl,d , δl,d ).

(4)

d=1

We assume uniform priors for αl,d and δl,d and use noninformative Jeffrey’s prior
for βl,d ; βl,d ∼ 1/βl,d .
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3.2. Likelihood
Since the observation noise is assumed to be independent and identically distributed
zero-mean Gaussian at each pixel, the likelihood is expressed as


PL
K
2

Y

 ||(yk − Hk l=1 ak,l sl )|| 

p(y1:K |s1:L , A) ∝
−
(5)
exp 





2σ2
k

k=1

where the mixing matrix A contains all the mixing coefficients ak,l introduced in (1).
We assume uniform prior for ak,l . The matrix Hk is the Toeplitz convolution matrix
constituted by hk introduced in (1).
3.3. Posteriors
By taking into account the parameters of the source priors, we write the joint posterior density of all unknowns as:
p(s1:L , A, Θ|y1:K ) ∝ p(y1:K |s1:L , A)p(s1:L , A, Θ)

(6)

where Θ = {α1:L,1:4 , β1:L,1:4 , δ1:L,1:4 }, p(y1:K |s1:L , A) is the likelihood and p(s1:L , A, Θ)
is the joint prior density of the unknowns. Here, we also define the mixing matrix
as a variable, but in the simulations, we set it to a fixed value. The joint prior can
be factorized as p(s1:L |α1:L,1:4 , β1:L,1:4 , δ1:L,1:4 ) p(A) p(β1:L,1:4 ) p(δ1:L,1:4 ) p(α1:L,1:4 ). Furthermore, since the sources are assumed to be independent, the joint probability density
of the sources is also factorized as
p(s1:L |Θ) =

L
Y

p(sl |Θ)

(7)

l=1

For estimating all the unknowns, we write the conditional posteriors of them as
p(ak,l |y1:K , s1:L , A−ak,l , Θ) ∝
p(αl,d |y1:K , s1:L , A, Θ−αl,d ) ∝

p(y1:K |s1:L , A)
p(tl,d |Θ)

p(βl,d |y1:K , s1:L , A, Θ−βl,d ) ∝
p(δl,d |y1:K , s1:L , A, Θ−δl,d ) ∝
p(sl |y1:K , s(1:L)−l , A, Θ) ∝

p(tl,d |Θ)p(βl,d )
p(tl,d |Θ)
p(y1:K |s1:L , A)p(sl |Θ)

(8)

where ”–variable” expressions in the subscripts denote the removal of that variable
from the variable set.
The ML estimation of the parameters αl,d , βl,d and δl,d using the EM method [16]
is given in Section 4.3. To estimate the source images, we use a version of the posterior p(sl |.) augmented by auxiliary variables and find the estimation with a Langevin
sampler. The details are given in Section 4.
4. Estimation of Astrophysical Maps and Parameters
In this section, we give the estimation of the mixing matrix, source maps and their
parameters.
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4.1. Mixing Matrix
We assume that the prior of A is uniform between 0 and ∞. The conditional density
of ak,l is expressed as p(ak,l |y1:K , Θt−ak,l ) ∝ p(y1:K |Θt ). From (5), it can be seen that the
conditional density of ak,l becomes Gaussian. The parameter ak,l is estimated by finding
the mode of the posterior analytically.
4.2. Astrophysical Map Estimation
We simulate the astrophysical maps from their posteriors by using MCMC scheme.
In the classical MCMC schemes, a random walk process is used to produce the proposal samples. Although random walk is simple, it affects adversely the convergence
time. The random walk process only uses the previous sample for producing a new
proposal. Instead of random walk, we use the Langevin stochastic equation, which exploits the gradient information of the energy function to produce a new proposal. Since
the gradient directs the proposed samples towards the mode, the final sample set will
mostly come from around the mode of the posterior. The Langevin equation used in
this study is written as
1
1
= skl − Dg(skl ) + D 2 wl
sk+1
(9)
l
2
1

where the diagonal matrix D 2 contains the discrete time steps τl,n , n = 1 : N, so that,
for the ith pixel, the diffusion coefficient is Dn,n = τ2l,n . Matrix D is referred to here as
diffusion matrix. We determine it by taking the inverse of the diagonal of the Hessian
matrix of − log p(sl |y1:K , s(1:L)−l , A, Θ). Rather than the expectation of the inverse of
Hessian matrix, we use its diagonal calculated by the value of sl at the discrete time k
[4].
Since the random variables for the image pixel intensities are produced in parallel
by using (9), the procedure is faster than the random walk process adopted in [14].
The derivation details of the equation can be found in [4]. After the sample production
process, the samples are applied to a Metropolis-Hastings [15] scheme pixel-by-pixel.
4.3. Parameters of t-distribution
We find the mode estimates of the parameters of the t-distribution using EM method.
We can write the posterior of the parameters such that p(αl,d , βl,d , δl,d |tl,d , Θ−{αl,d ,βl,d ,δl,d } ) =
©
ª
p(tl,d |Θ)p(βl,d ). In EM method, instead of maximizing the log p(tl,d |Θ)p(βl,d ) , we
maximize the following function iteratively
Θk+1 = arg max Q(Θ; Θk )

(10)

Θ

where superscript k represents the iteration number and

®
Q(Θ; Θk ) = log{p(tl,d |Θ)p(βl,d ))} νl,d |tk

l,d ,Θ

k

(11)

where p(νl,d |tkl,d , Θk ) is the posterior density of the hidden variable νl,d conditioned on
parameters estimated in the previous step k and h.iνl,d |tkl,d ,Θk represents the expectation
with respect to νl,d |tkl,d , Θk .
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In the E (expectation) step of the EM algorithm, we must calculate the expectation
h.iνl,d |tkl,d ,Θk . The posterior expectation of νl,d is found as [4]

−1
N + βkl,d 
φd (skl , αkl,d ) 
1 +

hνl,d i =
βkl,d
βkl,d δkl,d

(12)

In the M (maximization) step, (11) is maximized with respect to Θ. To maximize
this function, we alternate among the variables αl,d , βl,d and δl,d .
5. Simulation Results
We assume that the parametric mixing matrix is previously estimated with a known
error. The parametric model is formed such that the column of synchrotron and dust
varying according to power laws which depend on only one spectral index. To determine these spectral indices, we can use the FDCCA [18], [17] method. We have fixed
the column of CMB because it is known. We obtain the realistic observations by mixing components with a mixing matrix which is formed by using the spectral indices 2.9
for synchrotron and 1.8 for dust. In this experiment, we assume that the spectral index
of synchrotron dust have been estimated with an error 6.9% and 2% respectively. So,
along the reconstruction algorithm, we fix the mixing matrix values such that the spectral indices equal to 2.7 for synchrotron and 1.78 for dust. We determine the blurring
function according to antenna apertures. We model the aperture functions as Gaussian
shape functions.
We have tested our algorithm on five different 128x128 pixel patches that are arranged on the vertical axis centered at galactic coordinates (00,00), (00,20), (00,40),
(00,60) and (00,80). Fig. 1, shows the observations at (00,40). Fig. 2 shows the estimated map located at the coordinate of (0,40). We compare our proposed method with
the LS and DB+LS solutions. In DB+LS, we first apply a de-blurring (DB) process
to observation channels, then find the LS solution. We also compare the results of the
proposed LS+ALS with those obtained by LS+ALS without considering the blurring
of the psf. The PSIR values are placed at the top of each map. For the patch (0,40) in
Fig. 2, the proposed method is better to reconstruct CMB and synchrotron maps in the
sense of PSIR. The DB+LS method gives good results for dust map. The PSIR values
of the patches (00,00), (00,20), (00,60) and (00,80) can be seen in Table 1. Fig. 3 compares the standard power spectrum of the ground-truth maps and those are obtained by
LS, DB+LS and proposed LS+ALS without (without: w/o) psf and proposed LS+ALS
with (with: w/) psf results.
6. Conclusion
The proposed method gives better reconstructions in both the pixel and the frequency domains, if compared with the intuitive basic methods. The algorithm works
quite well at high galactic latitudes. If we approach the galactic plane, the estimation
results get worse. Especially at the galactic plane, we have obtained the worst results,
although we have used a different initialization strategy. We plan to extend this study
by considering more sources and including error estimation results.
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353 GHz
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857 GHz

Figure 1: The blurred and noisy observations located at 0◦ longitude and 40◦ latitude. The map size is
128 × 128 pixels.
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LS+ALS w/o psf

LS+ALS w/ psf

31.22

25.87

31.4

41.9

15.09

11.15

19.62

29.73

44.16

36.69

48.32

53.65

Dust

Synchrotron

CMB

Groundtruth

Figure 2: Estimated maps from blurred and noisy observations with the LS, DB+LS, LS+ALS without (w/o)
psf and proposed LS+ALS with (w/) psf methods. The location of the patch is 0◦ longitude and 40◦ latitude.
The PSIR values are placed under each map.
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Table 1: The PSIR (dB) values of the separated components, in the pixel domain.

LS+ALS w/ psf
LS
DB+LS
LS+ALS w/o psf

CMB
41.42
30.62
33.95
30.76

0,0
Synchrotron
42.85
36.88
39.29
39.59
0,60
Synchrotron
33.48
18.24
17.99
22.65

Dust
96.79
77.86
96.89
77.36

LS+ALS w/ psf
LS
DB+LS
LS+ALS w/o psf

CMB
40.71
30.63
31.74
31.25

Dust
35.50
24.12
24.85
29.76

LS+ALS w/ psf
LS
DB+LS
LS+ALS w/o psf

CMB
42.10
31.44
34.78
31.51

CMB

(l+1)lC/2π

8000
6000
4000

15

10

Dust
93.47
80.88
83.61
82.37
Dust
41.65
30.98
31.64
34.04

Dust

Groundtruth
LS
DB+LS
LS+ALS w/o psf
LS+ALS w/ psf
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Groundtruth
LS
DB+LS
LS+ALS w/o psf
LS+ALS w/ psf

10
8
6
4

5

2000
0

0,20
Synchrotron
36.48
23.28
24.05
27.00
0,80
Synchrotron
33.27
17.75
17.79
22.79

Synchrotron

Groundtruth
LS
DB+LS
LS+ALS w/o psf
LS+ALS w/ psf

(l+1)lC/2π

10000

(l+1)lC/2π

LS+ALS w/ psf
LS
DB+LS
LS+ALS w/o psf

CMB
21.82
17.41
19.26
18.09

2
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Figure 3: Comparison of the standard power spectrum of ground-truth maps (in Fig. 2 ) located at 0 ◦
longitude and 40◦ latitude with the LS, DB+LS, LS+ALS without (w/o) psf and proposed LS+ALS with
(w/) psf results.
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[19] K. M. Górski, E. Hivon, A. J. Banday, B. D. Wandelt, F. K. Hansen, M. Reinecke,
M. Bartelmann, ”HEALPix: A framework for high-resolution discretization and
fast analysis of data distributed on the sphere”, The Astrophysical Journal, vol
622, no. 2, (2005) pp. 759-771.

10

