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Prelude: search for best interpolant
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Search for best interpolation

Solution: piecewise-linear spline

Interpolation problem

Find the “best” interpolating function s(x), x ∈ R such that

s(k) = f [k], k ∈ Z
� +∞

−∞
|Ls(x)|2 dx minimum with L = d

dx

*=

B-spline representation

Stable representation with one degree of freedom per grid point

s(x) =
�

k∈Z
f [k]β1(x− k)

Generalization: smoothing spline

4

[Schoenberg, 1964]

L = Dn: Spline-defining differential operator

Theorem: The solution (among all functions) of the regularized data fitting problem

min
s(x)

�
�

k∈Z
|f [k]− s(k)|2 + λ

� +∞

−∞
|Dms(x)|2dx

�

is a cardinal (or uniform) polynomial spline of degree n = 2m − 1. The solution can
written as

sλ(x) =
�

k∈Z
(hλ ∗ f)[k]βn(x− k)

where βn is the B-spline of degree n and hλ a corresponding digital
reconstruction filter parametrized by λ.

! !…βn(x) =
� �� �

(n + 1) times
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Photo courtesy of Carl De Boor

Draftman’s spline: L = D2 and λ→ 0.
Minimum curvature interpolant is a cubic spline!

A hint at sparsity

6

[Mammen, Van de Geer, Annals of Statistics, 1997]

More complex algorithm (current topic of research)

Variational formulation with TV-type regularization

s̃ = arg min
s∈L2(R)

J(s, g),

J(s, g) =
�

k∈Z
|g[k]− s(k)|2

� �� �
Data Fidelity Term

+λ

�

R
|Dn+1{s}(x)|1 dx

� �� �
TV{Dns}

Theorem: The above optimization problem admits a solution that is
a non-uniform spline of degree n with adaptive knots.



Why focusing on norms with pure derivatives?
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Φ(u)
p = 2

1

u

Generalized spline energy:
�

R
Φ(|Lf(x)|)dx

L: linear differential operator

Φ(·): non-decreasing potential function

[Ramani, IEEE-TMI, 2010]

⇒ Invariance to choice of coordinate system (x-axis units)

Theorem: The above generalized energy functional is convex and invariant to trans-
lation and scaling iff.

(i) : Φ(u) = |u|p with p ≥ 1

(ii) : L is translation- and scale-invariant; i.e.,

L{f(·− x0)}(x) = L{f}(x− x0)

L{f(·/a)}(x) = C(a) · L{f}(x/a)

8

OUTLINE
! Search for best interpolation !
! Splines and differential operators

! Cardinal L-splines
! Green functions as elementary building blocks

! Imposing (TSR) invariance
! Scale-invariant operators
! Fractional B-splines
! Associated fractal random fields: fBms
! Sparse processes

! Isotropic wavelet analysis
! Mathematical analysis
! Wavelet analysis of scale-invariant stochastic processes

! Image reconstruction under sparsity constraints
! ISTA algorithm and multi-level variant
! Deconvolution of 3D fluorescence micrographs



1st voice

 ... and astronomy
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General concept of an L-spline

Cardinality: the knots (or spline singularities) are on the (multi-)integers

Generalization: includes polynomial splines as particular case (L = dN

dxN )

L{·}: differential operator (translation-invariant)
δ(x) =

�d
i=1 δ(xi): multidimensional Dirac distribution

Definition 1: The continuous-domain function s(x) is a (non-uniform) L-spline
with knots at {xk}k∈Z iff.

L{s}(x) =
�

k∈Z
akδ(x− xk)

Definition 2: The continuous-domain function s(x) is a cardinal L-spline iff.

L{s}(x) =
�

k∈Zd

a[k]δ(x− k)
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Example: piecewise-constant splines

■ Spline-defining operators

■ Piecewise-constant or D-spline

■ B-spline function

Continuous-domain derivative: D =
d
dx

←→ jω

Discrete derivative: ∆+{·} ←→ 1− e−jω

s(x) =
�

k∈Z
s[k]β0

+(x− k) D{s}(x) =
�

k∈Z

∆+s(k)
����
a[k] δ(x− k)

β0
+(x) = ∆+D−1{δ}(x) ←→ 1− e−jω

jω

Splines and Greenʼs functions

12

ρ(x) δ(x)L{·} ρ(x)δ(x)
L−1{·}

(+ null-space component?)

L−1{·}

Formal integration

Definition
ρ(x) is a Green function of the shift-invariant operator L iff L{ρ} = δ

⇒

General (non-uniform) L-spline: L{s}(x) =
�

k∈Z
akδ(x− xk)

�

k∈Z
akδ(x− xk) s(x) = pL(x) +

�

k∈Z
akρ(x− xk)



Green function = Impulse response 

Translation invariance 

Linearity 

Example of spline synthesis

13

δ(x)

δ(x− x0)

ρ(x)
L−1{·}

�

k∈Z
a[k]δ(x− k)

ρ(x− x0)

L−1{·}

L−1{·}

s(x) =
�

k∈Z
a[k]ρ(x− k)

L = d
dx = D ⇒ L−1: integrator

14

IMPOSING SCALE INVARIANCE
! Scale-invariant operators
! Fractional B-splines
! Associated fractal random fields: fBms
! Sparse processes
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Scale-invariant operators
Definition: An operator L is scale-invariant iff it commutes with
dilation: i.e., ∀s(x),L{s(·)}(x/a) = Ca L{s(·/a)}(x).

(Unser & Blu, IEEE-SP, 2007)

Theorem
The complete family of real scale-invariant 1D convolution operators
is given by the fractional derivatives ∂γ

τ , whose frequency response is

L̂(ω) = (−jω)
γ
2−τ (jω)

γ
2 +τ

γ ∈ R+: order of the derivative (i.e., |L̂(ω)| = |ω|γ )

τ ∈ R: phase (or asymmetry)
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Construction of causal B-splines

Finite difference:

  Fractional finite differences:

■ Causal fractional B-splines

Liouvilleʼs fractional derivative:

Derivative operator: D = ∂1
1
2

F←→ jω

Dγ = ∂γ
γ/2

F←→ (jω)γ

Spline degree: α = γ − 1

Continuous-domain operator: L̂(ω)

(1− e−jω)α+1

(jω)α+1

F−1

−→ βα
+(x)

∆γ
+

F←→ (1− e−jω)γ

∆+
F←→ 1− e−jω

Discrete version of operator

18

Causal fractional B-splines

(Unser & Blu, SIAM Rev, 2000)

β0
+(x) = ∆+x0

+
F←→ 1− e−jω

jω

βα
+(x) =

∆α+1
+ xα

+

Γ(α + 1)
F←→

�
1− e−jω

jω

�α+1

One-sided power function: xα
+ =

�
xα, x ≥ 0
0, x < 0

...
...
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2nd voice: Stochastics

Splines and stochastic processes

20

Splines are in direct correspondence with stochastic processes 
(stationary or fractals) that are solution of the same partial 
differential equation, but with a random driving term.

References: stationary proc. (Unser, IEEE-SP 2006), fractals (Blu, IEEE-SP 2007)

non-empty null space of L, boundary conditions

Defining operator equation: L{s(·)}(x) = r(x)

Specific driving terms

r(x) = δ(x) ⇒ s(x) = L−1{δ}(x) : Green function

r(x) =
�

k∈Zd

a[k]δ(x− k) ⇒ s(x) : Cardinal L-spline

r(x): white noise ⇒ s(x): generalized stochastic process



Example: Brownian motion synthesis 
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Brownian motion
white Gaussian noise

 

fBm; H = 0.50

(Wiener, 1926)

s(x)

L = d
dx ⇒ L−1: integrator

L−1{·}r(x) = w(x)

Example: going fractional (fBm)

22

 

(Mandelbrot, 1968)

fractional Brownian motion
white Gaussian noise

s(x)L−1{·}r(x) = w(x)

L F←→ (jω)H+ 1
2 ⇒ L−1: fractional integrator



Poisson; H = 0.50

Example: Compound Poisson process (sparse)

23

 

Jump size distribution: a � dP (a)

Random jumps with rate λ (Poisson point process)

Compound Poisson process

s(x)

L = d
dx ⇒ L−1: integrator

L−1{·}

random stream of Diracs

r(x) =
�

k

akδ(x− xk)

2D generalization: the Mondrian process

24

λ = 30

L = DxDy
F←→ (jωx)(jωy)
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Scale- and rotation-invariant operators

(Duchon, 1979)

Definition: An operator L is affine-invariant (or SR-invariant) iff.

∀s(x), L{s(·)}(Rθx/a) = Ca · L{s(Rθ · /a)}(x)

where Rθ is an arbitrary d× d unitary matrix and Ca a constant

Invariant Green functions (a.k.a. RBF)

ρ(x) =

�
�x�γ−d log �x�, if γ − d is even
�x�γ−d, otherwise

Invariance theorem
The complete family of real, scale- and rotation-invariant
convolution operators is given by the fractional Laplacians

(−∆)
γ
2

F←→ �ω�γ

Scale-and rotation-invariant processes

26

H=.5 H=.75 H=1.25 H=1.75

Stochastic partial differential equation : (−∆)
H+1

2 s(x) = w(x)

Gaussian

Sparse (generalized Poisson)



Powers of ten: from astronomy to biology
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3rd voice: Wavelets

28



Cubic B-spline

29

β3(x) = (β1 ∗ β1)(x)
∗

Key properties

Compact support [−2, 2]: shortest cubic spline with knots on integers

Symmetric, positive and Gaussian shape

Hölder continuous of order 3

Two-scale relation

β3(x/2) =
�

k∈Z
h[k]β3(x− k)

h : 1
23

�
1, 4, 6, 4, 1

�

Bijaoui-spline wavelet

30

Multi-scale signal analysis

B-spline coarsening: si(x) = (φi ∗ s)(x) with φi(x) = 4−iφ(x/2i)

Wavelet residuals: wi(x) = (ψi ∗ s)(x) = si(x)− si−1(x)

2-D B-spline smoothing kernel: φ(x) = β3(x1) · β3(x2)

Isotropic wavelet: ψ(x) = φ(x)− 1
4
φ(x/2)

ψ(x, 0)

x



Isotropic undecimated wavelet transform
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Scale 1! Scale 2!   Scale 3! Scale 4! Scale 5!

 h! h! h! h! h!

WT!

“à trous” algorithm
Courtesy J.-L- Starck

Mathematical analysis

32

⇒ ψ(x) = (−∆)ϕ(x)

ϕ(x): smoothing kernel

Fourier domain characterization

Bijaoui wavelet: ψ̂(ω) =
�

R2
ψ(x)e−j�ω,x�dx1dx2 = φ̂(ω)− φ̂(2ω)

B-spline kernel: φ̂(ω) = sinc
�

ω1

2π

�4
sinc

�
ω2

2π

�4

Isotropic Laplacian-like behavior:

ψ̂(ω) = 2ω2
1 + 2ω2

2 − 20
3 ω2

1ω2
2 − 3ω4

1 − 3ω4
2 + O(ω6

1 , ω6
2)

ψ̂(ω) = 2�ω�2 as ω → (0, 0)



Isotropic undecimated wavelet transform

33

wi[k] = �f, ψi(· − k)� with ψi(x) = 4−iψ(x/2i)

Multi-scale Laplacian

Whitening of fractal processes

34

White noisefractional Brownian field

Whitening
(fractional Laplacian)

Hurst exponent: H = γ − d
2

Analysis of fractional Brownian field with exponent H :

�s, ψ
� ·−x0

a

�
� ∝ �(−∆)

γ
2 s, (−∆)−

γ
2 ψ

� ·−x0
a

�
� = �w, ψ

� � ·−x0
a

�
�

Reduced order wavelet: ψ
�(x) = (−∆)−

γ
2 ψ(x) = (−∆)

2−γ
2 ϕ(x)

“Whitening” effect is the same at all scales up to a proportionality factor

⇒ fractal exponent can be deduced from the log-log plot of the variance

(−∆)
γ
2 w(x)s(x)
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Wavelet analysis of scale-invariant processes
Formalism: Gelfandʼs theory of generalized stochastic processes

White noise

Laplacian-like wavelet: ψ(x) = (−∆)ϕ(x) = (−∆)
γ
2 (−∆)

2−γ
2 ϕ(x)� �� �

ψ�(x)

Generalized stochastic
process

Approximate white noises

(−∆)
γ
2

Multi-scale 
wavelet 
analysis

(Gaussian or impulsive)

1. Will approximately decorrelate fractal-like processes (fBm)
(Quality of whitening depends on spectral characteristics of ψ�)

2. Will yield sparse wavelet decomposition of generalized Poisson processes
(Extent of sparsity depends on decay property of ψ�)

36

Finale
Finale: sparsity-constrained              

reconstruction



From smoothness to sparsity
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�Lf�2
2 �Lf�1

e.g., �Df�1 = TV{f} (total variation)

Signal domain

Wavelet domain

�Wf�0

(Sobolev-type norm)

(Besov norm)

Compressive 
sensing theory

Sparsity index (non-convex)

�Wf�1

Choices of regularization functionals

- Aim: Penalize non-smooth (or highly oscillation) solutions

- Limitation of quadratic regularization: over-penalizes sharp signal transitions

∼ �f�B1
1(L1(R))Φ(u) p = 2

p→ 0

1

0.5

u

1-38

SPARSITY-BASED SIGNAL RECOVERY

! Wavelets yield sparse representations
! Theory of compressive sensing
! Wavelet-regularized solution of general 

linear inverse problems
! Biomedical imaging examples

! 3D deconvolution
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Wavelet bases of L2

Family of wavelet templates (basis functions)

ψi,k(x) = 2−i/2ψ

�
x− 2ik

2i

�

Orthogonal wavelet basis

�ψi,k,ψj,l� = δi−j,k−l ⇔ W−1 = WT

Analysis: wi[k] = �f,ψi,k� (wavelet coefficients)

Reconstruction: ∀f(x) ∈ L2(R), f(x) =
�

i∈Z

�

k∈Z
wi[k] ψi,k(x)

Vector/matrix notation

Discrete signal: f = (· · · , c[0], c[1], c[2], · · · )

Wavelet coefficients: w = (· · · , w1[0], w1[1], · · · , w2[0], · · · )

Analysis formula: w = WT f

Synthesis formula: f = Ww =
�

k

wkψk

Theory of compressive sensing

40

[Donoho et al., 2005
     Candès-Tao, 2006, ...]

Generalized sampling setting (after discretization)

Linear inverse problem: u = Hf + n

Sparse representation of signal: f = W
T
v with �v�0 = K � Nv

Nu ×Nv system matrix : A = HW
T

Formulation of ill-posed recovery problem when 2K < Nu � Nv

(P0) min
v
�u−Av�22 subject to �v�0 ≤ K

Theoretical result

Under suitable conditions on A (e.g., restricted isometry), the solution is unique
and the recovery problem (P0) is equivalent to:

(P1) min
v
�u−Av�22 subject to �v�1 ≤ C1



Solving general linear inverse problems
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H: system matrix (image formation)

n: additive noise component

Space-domain measurement model

g = Hf + n

Convex optimization problem

w̃ = arg min
w

�
�g −Aw�2

2 + λ�w��1

�
with A = HW

or
f̃ = arg min

f

�
�g −Hf�2

2 + λ�WT
f��1

�

Wavelet-regularized signal recovery

Wavelet expansion of signal: f̃ = Ww̃

Data term: �g −Hf̃�22 = �g −HWw̃�22

Wavelet-domain sparsity constraint: �w̃��1 ≤ C1

Alternating minimization: ISTA

42

Proof of convergence: (Daubechies, Defrise, De Mol, 2004)

Convex cost functional: J(f) = �g −Hf�2
2 + λ�WT

f�1

Special cases

Classical least squares: λ = 0 ⇒ f = (HT
H)−1

H
T
g

Landweber algorithm: fn+1 = fn + γH
T (g −Hfn) (steepest descent)

Pure denoising: H = I ⇒ f = W Tλ{WT
g} (Chambolle et al., IEEE-IP 1998)

λ

2

u

v = Tλ(u)

Iterative Shrinkage-Thresholding Algorithm (ISTA)

1. Initialization (n← 0), f0 = g

2. Landweber update: z = fn + γH
T (g −Hfn)

3. Wavelet denoising: w = W
T
z, w̃ = Tγλ{w} (soft threshold)

4. Signal update: fn+1 ←Ww̃ and repeat from Step 2 until convergence

(Figueiredo, Nowak, IEEE-IP 2003)



Fast multilevel wavelet-regularized 
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Shannon wavelets 9/7 wavelets

(Vonesch-Unser, IEEE-IP, 2009)

Key features of multilevel wavelet deconvolution algorithm (ML-ISTA)

Acceleration by one order of magnitude with respect to state-of-the art algorithm (ISTA)
(multigrid iteration strategy)

Applicable in 2D or 3D:
first wavelet attempt for the deconvolution of 3D fluorescence micrographs

Works for any wavelet basis

Typically outperforms oracle Wiener solution (best linear algorithm)
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Deconvolution of 3D fluorescence micrographs
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ML-ISTA 5 iterationsWidefield micrograph

ISTA 5 iterations
384×288×32 stack (maximum-intensity projections); sample: fibroblast cells;
staining: actine filaments in green (Phalloidin-Alexa488), vesicles and nucleus membrane in red (DiI);
objective: 63× plan-apochromat 1.4 NA oil-immersion;
diffraction-limited PSF model; initialization: measured data.



3D fluorescence microscopy experiment
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Confocal referenceML-ISTA 15 iterations
Input data

(open pinhole) ISTA 15 iterations

Maximum-intensity projections of 512×352×96 image stacks;

Zeiss LSM 510 confocal microscope with a 63× oil-immersion objective;

C. Elegans embryo labeled with Hoechst, Alexa488, Alexa568;

each channel processed separately; computed PSF based on diffraction-limited model;

separable orthonormalized linear-spline/Haar basis.

2-

3D deconvolution of widefield stack

46

Maximum intensity projections of 384×448×260 image stacks;

Leica DM 5500 widefield epifluorescence microscope with a 63× oil-immersion objective;

C. Elegans embryo labeled with Hoechst, Alexa488, Alexa568;

each channel processed separately; computed PSF based on diffraction-limited model;

Haar basis, 3 decomposition levels for X-Y, 2 decomposition levels for Z.
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CONCLUSION
! Unifying operator-based paradigm

! Operator identification based on invariance principles (TSR)
! Specification of corresponding spline and wavelet families
! Characterization of stochastic processes (fractals)

Gaussian vs. sparse (generalized Poisson)

! Isotropic wavelet transform (pioneered by Bijaoui)
! Multi-scale Laplacian
! Various levels of redundancy (frames, bases)
! Fractal analyses; decorrelation; sparse representation

! Sparsity-constrained image reconstruction
! Sparsity priors, l1-norm minimization
! Fast algorithms: ML-ISTA, FISTA, TwIST
! Applications: deconvolution, MRI reconstruction
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1 2 3 4 5

1
βn

+(x) =
∆n+1

+ xn
+

n!


