
Poisson Noise Removal: 
from SparseLand to Astronomical

Applications
Jalal Fadili1

Bo Zhang2, Jean-Luc Starck3

1GREYC CNRS-ENSICAEN-Univ. Caen
2Medisys Research Lab, Philips Healthcare
3LAIM CEA/DSM-CNRS-Univ. Paris Diderot

ADA VI 2010



ADA IVʼ10-

Today’s talk is about ...
Poisson noise removal.
(Very) Low count setting.
Statistical estimation theory:

(Multi-scale) variance stabilizing transform.
Hypothesis testing.

Sparsity:
Morphological diversity.
Multiscale transforms : wavelets, ridgelets, curvelets.

Astronomical data:
On a cartesian grid.
On the sphere.
Hyperspectral data.
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Context
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GLAST/Fermi:
The Gamma Ray Large Area Space 
Telescope.
Six countries. 
A gamma-ray photon-counting detector.

Launched by NASA June 2008.
Hyperspectral data: for each photon, we have its position 
and energy (wavelength): very low-count setting.
Other applications concerned just as well: e.g. medical 
imaging.
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Observation model
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Observe a discrete dataset of counts X = {X [k, ν]}k∈Ω⊂Nd,ν∈V .

Think of ν as wavelength, energy, time, etc. (e.g. multispectral data).

If V is a singleton: (univariate) scalar-valued data.

Entries of X are independent Poisson distributed

Λ⊙ ε = X ∼ P(Λ) ,

Λ = {λ[k, ν]}k∈Ω⊂Nd,ν∈V is the underlying intensity.

Equivalently, at each spatial location, each pixel is scalar- or vector-valued,
where the vector field dimension is the wavelength, the energy, or the time.
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Observation model
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Goals
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Get an estimate of the multivariate intensity Λ̂ = DΦ(X) using statistical esti-
mation/decision theory in a sparse transform domain (e.g. wavelets).



ADA IVʼ10-

Goals

8

Dictionary

Denoising

Φ

Λ̂ = DΦ(X)

⊙

ε

X

Λ

Get an estimate of the multivariate intensity Λ̂ = DΦ(X) using statistical esti-
mation/decision theory in a sparse transform domain (e.g. wavelets).
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Goals
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Must be efficient enough in very low-count setting.

Adaptive shape preservation (e.g. isotropic structures, curvilinear structures,
etc.).

Easy extension to data on special manifolds (e.g. sphere) and to multispectral
data.

Get an estimate of the multivariate intensity Λ̂ = DΦ(X) using statistical esti-
mation/decision theory in a sparse transform domain (e.g. wavelets).
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X = Λ⊙ ε ,

Λ is compressible in a dictionary Φ : ΦTΛ = w ∈ w�q(C), q ≤ 1.
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�� ≤ Ci−1/q
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�w −wK�2 ≤ CqK1/2−1/q, q < 2.
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Generalized VST of Poisson RVs
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Anscombe transform: X ∼ P(λ), 2
�

X + 3/8− 2
√

λ
D−→

λ→+∞
N (0, 1).

Efficient only for high-count/SNR settings (λ � 10).

Generalize Anscombe VST with a non-trivial filter h

Yi =
�

j

hjXi−j , {X}i ∼ P(λ) .

If the filter hi acts as an ”averaging” kernel (more generally a low-pass filter),
stabilizing Yi would enhance the output SNR.

Consequence: efficiency in low-count situations.

The shape to be preserved will be conditioned by the choice of h: morphological
diversity and matched filter theorem.
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Generalized VST of Poisson RVs
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Proposition Let τk =
�

i(h[i])k < ∞ for k = 1, 2, 3. Under a local homogeneity
assumption, i.e. λi−j = λ within the support of h, then Z := A(Y ) = b sign(Y +
c)

�
|Y + c| is such that

Z − b sign(τ1)
�
|τ1|λ

D−→
λ→∞

N (0, 1)

and the best convergence rate is attained for

c =
7τ2

8τ1
− τ3

2τ2
, b = 2

�
|τ1|
τ2

.
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VST and Wavelets: MSVST trick
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Counts image

The undecimated WT (UWT) transform: The passage from one resolution to
the next one using the “à trous” algorithm

aj+1[l] = (h̄↑(j) � aj)[l] =
�

k

h[k]aj [l + 2jk],

wj+1[l] = (ḡ↑(j) � aj)[l] =
�

k

g[k]aj[l + 2jk] .

The VST can be combined with the UWT to stabilize the wavelet coefficients:

UWT

�
aj = h̄↑(j−1) � aj−1

wj = ḡ↑(j−1) � aj−1
=⇒

MSVST
+

UWT

�
aj = h̄↑(j−1) � aj−1

wj = ḡ↑(j−1) �Aj−1(aj−1)

Aj(aj) = b(j)sign(aj + c(j))
�
|aj + c(j)| ,
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VST and Wavelets: MSVST trick
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+
--

+
--

+
--

Counts image

Aj(aj) = b(j)sign(aj + c(j))
�
|aj + c(j)| ,

b(j) and c(j) associated to h(j) = h̄↑(j−1) � · · · � h̄↑1 � h̄ are set to

c(j) =
7τ (j)

2

8τ (j)
1

− τ (j)
3

2τ (j)
2

, b(j) = 2

���� |τ (j)
1 |

τ (j)
2

.

The constants b(j) and c(j) depend solely on the filter h and the scale level j.
They can all be pre-computed once for any given h.

A slightly different MSVST can be designed for the starlet (isotropic UWT) where
g = δ − h.
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Asymptotic statistical properties
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Theorem
(i) MSVST+UWT: let b(j) := 2

�
|τ (j)

1 |/τ (j)
2 , and h(j) = h̄↑(j−1) � · · · � h̄↑(1) � h̄ for

j ≥ 1 and h(0) = δ. If λ is constant within the support of the filter (ḡ↑(j−1) �

h(j−1))[k − ·], then wj [k] D−→
λ→+∞

N (0, σ2
j ), where

σ2
j =

1
τ (j−1)
2

�

m,n

ḡ↑(j−1)[m]ḡ↑(j−1)[n]
�

k

h(j−1)[k]h(j−1)[k + m− n] .

(ii) MSVST+Isotropic UWT: let b(j) := sign(τ (j)
1 )/

�
|τ (j)

1 |. If λ is constant within
the support of the filter h(j)[k − ·], then

wj [k] D−→
λ→+∞

N
�

0,
τ (j−1)
2

4τ (j−1)
1

2 +
τ (j)
2

4τ (j)
1

2 −
�h(j−1), h(j)�
2τ (j−1)

1 τ (j)
1

�
.

b(j), c(j), τ (j)
k and σj can all be pre-computed and stored once (h, g) has been

chosen.
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To sumarize so far
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A simple and versatile three-step algorithm

Stabilized {aj}j with MSVST before computing the detail coefficients {wj}j ,

⇒ {wj}j will then be stabilized and Gaussianized.

Detect significant coefficients using your favorite procedure, e.g. binary hypothe-
sis testing :

H0 : wj [k] = 0 vs H1 : wj [k] �= 0 .

Reconstruct the estimate of Λ from significant w = {wj}j .
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Iterative Reconstruction
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Direct inversion of MSVST is not always explicit nor optimal :
MSVST is nonlinear.
May not preserve flux.

Our proposal : formulate the reconstruction as a sparsity-promoting convex opti-
mization problem :

min
w

�w�1 subject to





Mw = MΦTX (Data fidelity) ,

and Φw ≥ 0 (Positivity) .

M stems from the multiresolution support determined by the set of detected si-
gnificant MSVST coefficients (after hypothesis testing).
Problem solved efficiently with a provably convergent algorithm [Zhang, Fadili and
Starck 2008]
Reconstruct Λ̂ = Φŵ.
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Extensions
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Other transforms: ridgelets (singularities along lines), 
curvelets (curvlinear singularities) [Zhang, Fadili and 
Starck 2008].
Data on the sphere [Schmitt et al. 2010] (see also 
poster by J. Schmitt).
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A first approach ...
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The multivalued data can be viewed naively as 3D data where the third dimen-
sion may be time, wavelength or energy.

But this point of view would be awkward as the dimensions have different phys-
ical meanings.

A more appropriate approach: a wavelet transform where the spatial scale is
not linked to the time or energy scale.

Allow to adapt to anisotropic degrees of smoothness along spatial and spectral
(or time, etc.) dimensions.

Other difficulty: very low count setting (typically 0-1 photons /pixel/energy bin).

Widely used method: average along energy and then denoise⇒ loss of energy
information.
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2D-1D Wavelet Transform
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For our 2D-1D data, we aim at analyzing the data with a 2D-1D wavelet trans-
form, where

the scale along the non-spatial dimension is not linked to the spatial scale;

anisotropic degree of smoothness.

For simplicity, we consider the starlet with the isotropic filter bank in the spatial
domain.
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2D-1D MSVST
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2D-1D MSVST
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1. Apply a 2D starlet to each frame ν,
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2D-1D MSVST
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2. For each spatial location k := (kx, ky) ∈ Ω ⊂ N2, and for each 2D
wavelet (spatial) scale js, apply a 1D wavelet transform along ν.
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2D-1D MSVST
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3. Combine MSVST within the 2D-1DWT using the same stabilization
trick, i.e. stabilize the approximation coefficients before computing
the detail ones.
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2D isotropic sources
 Intensity ∈ [0,5] Counts Anscombe Fisz

Platelets Haar-domain HT MSVST without iteration MSVST with iteration
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Intensity  ∈  [0.03,0.1] Counts

MSVST+RidgeletsMSVST+Wavelets
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2D line-like sources
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Counts MSVST+3D Wavelets

Intensity ∈  [19.6,164]
Volume size: 512 × 512 × 24 

3D confocal microscopy data
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MSVST-2D-1D versus MSVST-2D
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MSVST-2D-1D versus MSVST-2D
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2D image after summing along ν.

161× 161× 31 2D-1D data set.

5× 7 spatial Gaussian-shaped sources.
Each source has a Gaussian power-law spectrum with different extent.

Low counts: average of 0.032 photons per pixel.
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MSVST-2D-1D versus MSVST-2D

28

Sum then 2D denoising 2D-1D denoising then sum

Same control over FDR
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Recovering hyperspectral data
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Counts Recovered

Frame 16

Frame 25
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Recovering hyperspectral data
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Spectra at two different locations

Frame (energy) Frame (energy)
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Application to GLAST/Fermi
Underlying intensity

Counts

Recovered

Frame 30 Frame 100

LAT data 720× 360× 128
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Take-away messages
MSVST: simple, fast, and efficient for low-count settings.
Versatile enough to: 

Be coupled with many multi-scale transforms (e.g. X-lets): 
Shape adaptation: various morphologies (isotropic, lines, curvilinear, 
etc.).
Detection of faint structures.

Handle multispectral data and recover the “spectral” 
information.
Handle data on the sphere.

MSVST extended to mixed Poisson-Gaussian process.
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Extended experiments, MSVSTLab toolbox and papers available at
http://www.greyc.ensicaen.fr/~jfadili

Thanks
Any questions ?
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